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a b s t r a c t
Consider a simple graph G with no isolated edges and at most one isolated vertex. A
labeling w : E(G) → {1, 2, . . . ,m} is called product-irregular, if all product degrees
pdG(v) = ∏e3v w(e) are distinct. The goal is to obtain a product-irregular labeling
that minimizes the maximum label. This minimum value is called the product irregularity
strength. The analogous concept of irregularity strength, with sums in place of products,
has been introduced by Chartrand et al. and investigated by many authors.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let us consider a simple undirected graph G = (V (G), E(G))with neither loops, nor isolated edges and with at most one
isolated vertex. We assign a label (natural number) to every edge and denote it by w(e) for all e ∈ E(G). For every vertex
v ∈ V (G)we define the product degree as
pdG(v) =
{∏
e3v
w(e) if dG(v) > 0
0 if dG(v) = 0
(here dG(v) denotes the degree of vertex v in G).
We callw product-irregular if for every pair of distinct vertices u, v ∈ V (G), pdG(u) 6= pdG(v). The strength of the labeling
w is defined as
psw(G) = max{w(e)|e ∈ E(G)},
while the product irregularity strength of G as
ps(G) = min{psw(G)|w is product-irregular}.
The similar concept of irregularity strength, where one concerns sums instead of products of labels, has been introduced
by Chartrand et al. in [1] and investigated by many authors (see e.g. [2–4]).
In the paper we present some lower and upper bounds on the product irregularity strength of graphs. In particular in
Section 2 lower bounds for cycles and other regular graphs are given. The main results are presented in Section 3 and 4.
Namely, we estimate the upper bound on the product irregularity strength of cycles, paths and grids.
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2. General graphs
Note that to obtain different product degrees, it is necessary to use differentmultisets of labels to label the edges incident
to every vertex. Let nd denote the number of vertices of degree d and let s be the largest integer used in the labeling. Then
nd ≤
(
s+ d− 1
s− 1
)
,
so for every δ(G) ≤ d ≤ ∆(G), where δ(G) and∆(G) denotes the minimum and maximum degree, respectively,
s ≥
⌈
d
e
n1/dd − d+ 1
⌉
.
Thus, the following two observations easily follow.
Proposition 2.1. For every graph G
ps(G) ≥ max
δ(G)≤d≤∆(G)
{⌈
d
e
n1/dd − d+ 1
⌉}
.
Proposition 2.2. For every r-regular graph G on n vertices
ps(G) ≥
⌈ r
e
n1/r − r + 1
⌉
.
Next, consider upper bounds on ps(G). Notice that if we assign different prime number to every edge, then all product
degrees must be different.
Proposition 2.3. For every graph G without isolated edges and with at most one isolated vertex, ps(G) ≤ p(|E(G)|), where p(n)
denotes the nth prime number.
Pikhurko in [5] has proved that for sufficiently large |E(G)|, every graph G with |E(G)| edges is product-antimagic, that
is, there is a bijection from the set of edges to the set {1, 2, . . . , |E(G)|} such that all product degrees are pairwise distinct.
Hence the following fact is true.
Proposition 2.4 (Pikhurko [5]). For every sufficiently large graph G without isolated edges and with at most one isolated vertex,
ps(G) ≤ |E(G)|.
3. Cycles and paths
In this section we consider the product irregularity strength of a cycle C . In fact, one can use the values of ps(C) given
below to obtain upper bounds on product irregularity strength for paths and hamiltonian (as well as semi-hamiltonian)
graphs (we call a graph semi-hamiltonian when it contains hamiltonian path). To obtain an irregular labeling of a path,
remove any edge labeledwith 1 froman irregularly labeled cycle of the same length. All constructions given belowguarantee
the existence of such edge. In the case of a hamiltonian (or semi-hamiltonian) graph G find a product-irregular labeling of
the hamiltonian cycle (hamiltonian path, respectively) and next put label 1 on all remaining edges of G.
Denote by Ck a cycle of length k. Then:
Fact 3.1.
ps(C3) = ps(C4) = ps(C5) = ps(C6) = 3
ps(C7) = ps(C8) = 4
ps(C9) = ps(C10) = ps(C11) = ps(C12) = ps(C13) = ps(C14) = 5
ps(Cn) ≥ 6 for all n > 14.
Proof. First we prove that the listed values of ps(Cn) are the smallest possible.
As it may be trivially seen, using two labels 1 and 2 one can get three distinct products: 1, 2 and 4, but it is impossible to
label C3 with just those two labels since none of the four possible sequences of labels: (1, 1, 1), (1, 1, 2), (1, 2, 2), (2, 2, 2)
is a product-irregular labeling. So, we have to use at least three labels to label C3 and any longer cycle.
In the same way we can observe that when using labels 1, 2, 3 one can obtain six distinct product degrees: 1, 2, 3, 4, 6
and 9, so at least four labels are necessary for C7 and any longer cycle.
Using labels 1, 2, 3 and 4 it is possible to obtain nine products: 1, 2, 3, 4, 6, 8, 9, 12 and 16. However, these numbers cannot
form the product degree sequence of C9, since it is impossible to obtain all multiples of 3 using labels 1, 2, 3 and 4. To see
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this note that to get product degree 9 one has to label edges of some subpath of length two by 3. It would generate product
degree 9 in the middle and two other distinct product degrees at the endpoints of the path — three in total. So, in order to
get four multiples of 3 one has to label another edge by 3, producing exactly two new product degrees — five in total. In this
way we can see that at least five labels are necessary to label C9 and any longer cycle.
Using labels 1, 2, 3, 4 and 5 it is possible to obtain fourteen products: 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 16, 20 and 25. So, we
have to use at least six labels to label C15 and any longer cycle.
For every cycle Cn, 3 ≤ n ≤ 14 sample sequence Sn of labels minimizing the value of ps(Cn) is listed below:
S3 = (1, 2, 3), S4 = (1, 1, 2, 3), S5 = (1, 1, 2, 2, 3), S6 = (1, 1, 2, 2, 3, 3)
S7 = (1, 1, 2, 2, 4, 3, 3), S8 = (1, 1, 2, 2, 4, 4, 3, 3), S9 = (1, 1, 2, 5, 5, 4, 4, 3, 3)
S10 = (1, 2, 5, 1, 4, 2, 3, 5, 4, 3), S11 = (1, 1, 2, 5, 1, 4, 2, 3, 5, 4, 3)
S12 = (1, 1, 2, 5, 5, 1, 4, 2, 3, 5, 4, 3), S13 = (1, 1, 2, 5, 5, 1, 4, 4, 2, 3, 5, 4, 3)
S14 = (1, 1, 2, 5, 5, 1, 4, 4, 2, 3, 3, 5, 4, 3).
This completes the proof. 
Now we are going to present the lower and upper bounds for an arbitrary cycle Cn. Using similar argument as in
Proposition 2.1 we can prove the following bound.
Proposition 3.2. For every n > 2
ps(Cn) ≥
⌈√
2n− 1
2
⌉
.
However, this result can be slightly improved. Supposing that we use the labels from the set {1, . . . , s}, the question is: what
is the maximum length of the cycle that we may label?
If q > s is a prime, and q divides an integer x, then x cannot be obtained as a product degree of any vertex of Cn.
For 1 ≤ i ≤ s there are at most pi(bs2/ic)− pi(s) prime numbers q such that x = iq ≤ s2. Therefore
n ≤ s2 −
s∑
i=1
(
pi
(⌊
s2
i
⌋)
− pi(s)
)
.
In [6] it is shown that, for n > 17,
n
ln n
< pi(n) < 1.25506
n
ln n
.
So,
n ≤ s2 + spi(s)−
s∑
i=1
pi
(⌊
s2
i
⌋)
≤ s2 + 1.25506 s
2
ln s
−
s∑
i=1
s2
i ln(s2/i)
= s2 + 1.25506 s
2
ln s
− s2
(
1
2 ln s
+
s∑
i=2
1
i(2 ln s− ln i)
)
≤ s2 + 1.25506 s
2
ln s
− s2
(
1
2 ln s
+
∫ s
1
1
i(2 ln s− ln i)di
)
= s2(1− ln 2)+ 0.75506 s
2
ln s
.
The last inequality is satisfied if
s ≥
⌈(
n
1− ln 2
)1/2⌉
.
As ln 2 > 0.5, the following bound is slightly better than the one from Proposition 3.2.
Proposition 3.3. For every n > 17
ps(Cn) ≥
⌈(
n
1− ln 2
)1/2⌉
.
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Now, let us turn our attention to upper bounds on ps(Cn).
Lemma 3.4. For every s ≥ 3
• there exists a product-irregular labeling of C2s using every number from the set {1, 2, . . . , s} (and only those numbers) such
that there are six consecutive edges with label sequence s− 1, s− 1, s, s, s− 2, s− 2;
• there exists a product-irregular labeling of C2s+1 using every number from the set {1, 2, . . . , s+ 1} (and only those numbers)
such that there are seven consecutive edges with label sequence s− 1, s− 1, s+ 1, s, s, s− 2, s− 2.
Proof. For C6, we have the label sequence 2, 2, 3, 3, 1, 1. Now, given a cycle C2s with s ≥ 3, let us assume that it contains six
consecutive edges with label sequence s − 1, s − 1, s, s, s − 2, s − 2 (or in the reverse order). Now, we can add an edge (or
two consecutive edges) with label s + 1 between those with s − 1 and s and obtain the irregular labelings of cycles C2s+1
and C2s+2 with the largest label equal to s + 1 (the second cycle has the desired structure, as well). The thesis follows by
induction on s. 
Lemma 3.5. For every s ≥ 7:
• there exists a product-irregular labeling of C3s using every number from the set 1, 2, . . . , s (and only those numbers) such
that there are eleven consecutive edges with label sequence s− 4, s− 1, s− 2, s− 2, s, s, s− 1, s− 1, s− 3, s− 2, s− 5;
• there exists a product-irregular labeling of C3s+1 using every number from the set 1, 2, . . . , s + 1 (and only those numbers)
such that there are twelve consecutive edges with label sequence s− 5, s− 2, s− 2, s− 3, s− 1, s− 1, s+ 1, s, s, s− 2, s− 1,
s− 4;
• there exists a product-irregular labeling of C3s+2 using every number from the set 1, 2, . . . , s + 1 (and only those numbers)
such that there are thirteen consecutive edges with label sequence s− 5, s− 2, s− 2, s− 3, s− 1, s− 1, s+ 1, s+ 1, s, s, s− 2,
s− 1, s− 4;
Proof. For C21, we have label sequence 3, 6, 5, 5, 7, 7, 6, 6, 4, 5, 2, 2, 7, 1, 1, 5, 3, 4, 4, 7, 3. Now, given a cycle C3s with s ≥ 7,
let us assume that it contains eleven consecutive edges with label sequence S0: s − 4, s − 1, s − 2, s − 2, s, s, s − 1, s − 1,
s− 3, s− 2, s− 5 (or in the reverse order). We can proceed as follows:
• rewrite S0 in the reverse order: s− 5, s− 2, s− 3, s− 1, s− 1, s, s, s− 2, s− 2, s− 1, s− 4;
• change the position of the edge with label s− 2 (switch the position of the pair (s− 2, s− 2)with the position of single
s− 2): s− 5, s− 2, s− 2, s− 3, s− 1, s− 1, s, s, s− 2, s− 1, s− 4;
• add a new edge with label s+ 1: s− 5, s− 2, s− 2, s− 3, s− 1, s− 1, s+ 1, s, s, s− 2, s− 1, s− 4; in this way we obtain
a product-irregular labeling of the cycle of length 3s+ 1;
• add a new edge with label s+ 1: s− 5, s− 2, s− 2, s− 3, s− 1, s− 1, s+ 1, s+ 1, s, s, s− 2, s− 1, s− 4; in this way we
obtain a product-irregular labeling of the cycle of length 3s+ 2;
• add a new edge with label s: s−5, s−2, s−2, s−3, s, s−1, s−1, s+1, s+1, s, s, s−2, s−1, s−4; in this way we obtain
a product-irregular labeling of the cycle of length 3(s+ 1) having the desired structure (inspect last eleven edges).
By induction on s, the proof is completed. 
From the above lemmas, the following result holds for cycles, as well as for paths and (semi-)hamiltonian graphs:
Proposition 3.6.
ps(Cn) ≤

⌈n
2
⌉
if n ≥ 6⌈n
3
⌉
if n ≥ 21.
Now we are going to consider the case of large cycles.
Theorem 3.7. For every ε > 0 there exists n0 such that for every n ≥ n0
ps(Cn) ≤ d(1+ ε)
√
2n ln ne.
Proof. Let s = d(1 + ε)√2n ln ne and let p be the greatest prime such that p ≤ pi(s). From Bertrand’s postulate,
p ≥ pi(s)/2+ 1 for sufficiently large s.
For every q < p/2 we can define the sequence: 0, q mod p, 2q mod p, . . . , (p− 1)q mod p, pq mod p = 0. We will refer
to such a sequence as ‘‘the chain’’.
As we can see, in any fixed chain, every number a, 0 ≤ a ≤ p − 1 appears exactly once, as q and p are relatively prime,
and so the order of q in the additive group Zp is equal to p− 1. Thus, if we join all those chains together and close the cycle
(0’s being commonmembers of every two neighbouring chains), every pair of numbers from the considered set will appear
at most once as a pair of neighbours (here the assumption that q < p/2 is necessary). Now, let us enumerate the primes:
p1 = 2, p2 = 3, p3 = 5 and so on, and let us assume that p0 = 1. Replace every number a in the cycle constructed above
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by pa. As no pair occurs twice, also each product occurs at most once. Moreover, as the neighbouring numbers are always
distinct, we do not obtain any square of a natural number. It remains to show that it is possible to label n edges in this way.
As we use p labels in each chain, and every chain is based on distinct natural number smaller than p/2, it is possible to label
m ≥ p(p− 1)
2
≥ (pi(s))
2
8
≥ 1
8
( s
ln s
)2
edges. The choice of s guarantees that, for sufficiently large n, the inequalitym > n holds.
We use the maximum number of chains that allows us to label at most n edges. Now, the number of labeled edges is
between n − p + 1 and n. Let t denote the number of remaining edges. Of course, 0 ≤ t < p. We still use exactly p labels
and no squares have occurred so far. Let us replace each of t last edges in the last chain with two consecutive edges (not
changing the labels). This will not change any of the product degrees that have been obtained so far, as the sequences of the
form pi, pj, pk become sequences of the form pi, pj, pj, pk. Adding new edges only adds new product degrees being squares
of distinct primes that have not appeared so far. So, the labeling remains irregular and we obtain correctly labeled cycle of
length n. This completes the proof. 
4. Grids and toroidal grids
Assume we are given k paths Pj (j = 1, 2, . . . , k) with vertex sets Vj (j = 1, 2, . . . , k), where |Vj| = nj. We define the grid
Gn1×n2×···×nk as the product of those paths.More exactly, the vertex setV ofGn1×n2×···×nk is the Cartesian product of the vertex
sets Vj (j = 1, 2, . . . , k) : V = V1×V2×· · ·×Vk. We can consider the elements of V as points in the k-dimensional Euclidean
space with ith coordinate equal to the position of vertex on path Pk. Two vertices (u1, u2, . . . , uk), (v1, v2, . . . , vk) ∈ V are
adjacent if and only if all their coordinates but one, say jth, are the same, and |uj − vj| = 1.
If we consider cycles instead of paths (in such situation elements of V may be considered as elements of Cartesian product
of k cyclic groups Znj , j = 1, 2, . . . , k, instead of Euclidean space), we obtain the toroidal grid Tn1×n2×···×nk .
Lemma 4.1. Let n1, n2, . . . , nk be natural numbers, nj ≥ 3 for all j = 1, 2, . . . , k.
(1) Let p1, p2, . . . , pk be k natural numbers (not necessarily distinct) such that pj primes are enough to obtain a product-irregular
labeling of Cnj (j = 1, 2, . . . , k). Then
∑k
j=1 pj primes are enough to obtain a product-irregular labeling of the toroidal grid
Tn1×n2×···×nk .
(2) Let p1, p2, . . . , pk be k natural numbers (not necessarily distinct) such that pj primes are enough to obtain a product-
irregular labeling of Pnj (j = 1, 2, . . . , k). Then
∑k
j=1 pj primes are enough to obtain a product-irregular labeling of the
grid Gn1×n2×···×nk .
Proof. Let us start with toroidal grids. We are going to prove the lemma by induction on k. For k = 1 it is trivially true.
Let us assume that we have managed to label Tn1×n2×···×nk−1 using
∑k−1
j=1 pj primes. To construct Tn1×n2×···×nk , we join nk
copies of Tn1×n2×···×nk−1 in such a way that for every vertex v of Tn1×n2×···×nk−1 , all copies of v are joined with one copy of
Cnk . The set of labels of the edges incident to each copy of v is distinct, as it consists of constant set of labels used to label
Tn1×n2×···×nk−1 and changing pair of labels on the edges of Cnk (always distinct to the previous ones). As it is true for every
vertex v ∈ V (Tn1×n2×···×nk−1), we obtain the correct labeling of Tn1×n2×···×nk adding only pk new prime numbers. It gives us
the desired number of labels.
Note that in the case of the grid Gn1×n2×···×nk the proof is identical, we have only to substitute Cnj with Pnj . 
Based on the above lemma, we can formulate the following theorem.
Theorem 4.2. For every ε > 0 there exist n(0)j , j = 1, . . . , k such that for every k-tuple (n1, n2, . . . , nk), nj ≥ n(0)j ,
j = 1, 2, . . . , k,
(1) ps(Tn1×n2×···×nk) ≤ d(1+ ε)
√
2(
∑k
j=1
√
nj) ln(
∑k
j=1 nj)e;
(2) ps(Gn1×n2×···×nk) ≤ d(1+ ε)
√
2(
∑k
j=1
√
nj) ln(
∑k
j=1 nj)e.
Proof. First, let us observe that the number of primes necessary to label the cycle Cn (or Pn) is not greater than d
√
2ne + 1.
In fact, using such a number of primes, we are able to label (compare with the proof of Theorem 3.7)
m ≥ d√2ned
√
2ne
2
≥ n
edges. The only problem is that p has to be prime and so we have to take 2d√2ne numbers. Then, Bertrand’s postulate
guarantees the existence of p such that p ≥ d√2ne + 1. From the above and from the Lemma 4.1 it follows that to label the
grid Gn1×n2×···×nk (toroidal grid Tn1×n2×···×nk ) we need at most
m0 = 2
k∑
j=1
d√2nje
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distinct prime numbers. And if s has the value from the assumption to this theorem, then the number of available primes is,
for sufficiently large nj ( j = 1, 2, . . . , k) not less than
pi(s) ≥
(1+ ε)√2
(
k∑
j=1
√
nj
)
ln
(
k∑
j=1
nj
)
ln
(
(1+ ε)√2
(
k∑
j=1
√
nj
)
ln(
k∑
j=1
nj)
) .
Applying the Cauchy–Schwartz inequality to the sum in the denominator we obtain:
pi(s) ≥
(1+ ε)√2
(
k∑
j=1
√
nj
)
ln
(
k∑
j=1
nj
)
ln
(
(1+ ε)√2k
√
k∑
j=1
nj ln
(
k∑
j=1
nj
))
≥
(1+ ε)√2
(
k∑
j=1
√
nj
)
ln
(
k∑
j=1
nj
)
ln
(
(1+ ε)√2k
)
+ 12 ln
(
k∑
j=1
nj
)
+ ln ln
(
k∑
j=1
nj
) .
Since, for sufficiently large nj (j = 1, 2, . . . , k), the inequality pi(s) > m0 holds, therefore we arrive at the thesis. 
Acknowledgement
I would like to thank Professor Michał Karoński for introducing the concept of product irregularity strength to me and
helpful comments.
References
[1] G. Chartrand, M.S. Jacobson, J. Lehel, O.R. Oellermann, S. Ruiz, F. Saba, Irregular networks, Congressus Numerantium 64 (1988) 187–192.
[2] R.J. Faudree, J. Lehel, Bound on the irregularity strength of regular graphs, in: Colloquia Mathematica Societatis János Bolyai 52, Combinatorics, Eger
(Hungary), North-Holland, Amsterdam, 1987, pp. 239–246.
[3] A. Frieze, R.J. Goukd, M. Karoński, F. Pfender, On graph irregularity strength, Journal of Graph Theory 41 120–137.
[4] T. Nierhoff, A tight bound on the irregularity strength of graphs, SIAM Journal on Discrete Mathematics 13 (3) (2000) 313–323.
[5] O. Pikhurko, Characterization of product anti-magic graphs of large order, Graphs & Combinatorics 23 (2007) 681–689.
[6] J.B. Rosser, L. Schoenfeld, Approximate formulas for some functions of prime numbers, Illinois Journal of Mathematics 6 (1962) 64–97.
